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Abstract 

In this paper, we give the categorification of Leibniz algebras, which is equivalent to 2-term 
sh Leibniz algebras. They reveal the algebraic structure of omni-Lie 2-algebras introduced in 
[26| as well as twisted Courant algebroids by closed 4- forms introduced in [TB]. We also 
prove that Dirac structures of twisted Courant algebroids give rise to 2-term Loo-algebras and 
geometric structures behind them are exactly ilZ-twisted Lie algebroids introduced in [10) . 

1 Introduction 

Recently, people have payed more attention to higher categorical structures by reasons in both 
mathematics and physics. One way to provide higher categorical structures is by categorifying 
existing mathematical concepts. One of the simplest higher structures is a 2-vector space, which 
is the categorification of a vector space. If we further put a compatible Lie algebra structure on 
a 2-vector space, then we obtain a Lie 2-algebra [21 The Jacobi identity is replaced by a 

natural transformation, called the Jacobiator, which also satisfies some coherence laws of its own. 
Recently, the relation among higher categorical structures and multisymplectic structures, Courant 
algebroids, and Dirac structures are studied in [H I^IM] . 

A 2-vector space is equivalent to a 2-term complex of vector spaces. A Lie 2-algebra is equivalent 
to a 2-term Loo-algebra. Loo-algebras, sometimes called strongly homotopy (sh) Lie algebras, were 
introduced in [211 US] as a model for "Lie algebras that satisfy Jacobi identity up to all higher 
homotopies". The notion of Leibniz algebras was introduced by Loday [17j . which is a generalization 
of Lie algebras. Their crossed modules were also introduced in [TH] to study the cohomology of 
Leibniz algebras. As a model for "Leibniz algebras that satisfy Jacobi identity up to all higher 
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homotopies", Ammar and Poncin introduced the notion of strongly homotopy Leibniz algebra, or 
Lodoo-algebra in [T] , which is further studied by Uchino in JSS^ . 

Courant algebroid was introduced in (TB] to study the double of Lie bialgebroids. Equivalent 
definition was given by Roytenberg in [3T]. Courant algebroids have been widely studied because 
of their applications in both mathematics and physics. Roytenberg proved that every Courant 
algebroid give rise to an ioo-algebra [3T]. The Loo-algebra associated to the standard Courant 
algebroid TM(BT*M is a semidirect product of a Lie algebra with a representation up to homotopy 
[571 [2H]. Recently, Hansen and Strobl introduced the notion of twisted Courant algebroids by closed 
4-forms in [13j . which arise from the study of three dimensional sigma models with Wess-Zumino 
term. Similar structures were studied in ^ [11] jBD] ■ In general, if one studies generalized geometry, 
this 4-form will arise naturally as background [T5. A closed 4-form is also used to construct a 
bundle 2-gerbe in p . 

In [S] and [H], the first Pontryagin class was introduced for a quadratic Lie algebroid, which 
is a closed 4-form as an obstruction of the extension to a Courant algebroid. It will be seen that 
a quadratic Lie algebroid with nontrivial first Pontryagin class can be realized as the ample Lie 
algebroid of a regular twisted Courant algebroid, this is a generalization of [HI Theorem 1.10]. 

In this paper, we introduce the notion of Leibniz 2-algebras, which is equivalent to 2-term 
strongly homotopy Leibniz algebras. Similar to the case of Lie algebras, we prove that there is 
a one-to-one correspondence between 2-term dg Leibniz algebras and crossed modules of Leibniz 
algebras. With the help of an automorphism f of the 2-term DGLA End(V), where V is a 2-term 
complex of vector spaces, we construct a Leibniz 2-algebra (End(V) © V, Z^i^)' which essentially 
comes from omni-Lie 2-algebra introduced in [5S|. Every twisted Courant algebroid by a closed 
4-form H gives rise to a Leibniz 2-algebra. In particular, Dirac structures of twisted Courant 
algebroids give rise to 2-term Loo-algebras. The geometric structure underlying this 2-term Loo- 
algebra is i/-twisted Lie algebroid introduced by Griitzmann in [TO] . i3-field transformation [T^] is 
an important tool to provide symmetries of exact Courant algebroids. In a i3-field transformation, 
the 2-form need to be closed. Now for exact twisted Courant algebroids, every 2-form (not need 
to be closed) provides an automorphism of the corresponding Leibniz 2-algebra. 

The paper is organized as follows. In Section [5| we prove that there is a one-to-one correspon- 
dence between 2-term dg Leibniz algebras and crossed modules of Leibniz algebras (Theorem 12. 6p . 
In Section [2| we introduce the notion of Leibniz 2-algebra, which is the categorification of Leibniz 
algebras. We show that they are equivalent to 2-term sh Leibniz algebras. In Section HI associated 
to any automorphism f of End(V), we construct a Leibniz 2-algebra (End(V) © V, 4? 4)- Section 
[Sj we show that every twisted Courant algebroid gives rise to a Leibniz 2-algebra (Theorem 15. 3p . 
Via the B-field transformation, any 2-form provides an automorphism of the Leibniz 2-algebra 
associated to an exact twisted Courant algebroid (Theorem IS.lOp . In Section [Sj we study Dirac 
structures of a twisted Courant algebroid, it turns out that a Dirac structure of a twisted Courant 
algebroid gives rise to a 2-term Loo-algebra (i.e. a Lie 2-algebra, Theorem 16. 2p . We also find that 
the geometric structure underlying this 2-term Loo-algebra is Lf-twisted Lie algebroid. At last, we 
consider the Dirac structure Q^^, which is the graph of a bi- vector field tt, and obtain /i- twisted 
Poisson structure (the 3-form h is not closed) as well as the associated 2-term Loo-algebra. 

Acknowledgement: We would like to thank P. Bouwknegt, M. Griitzmann, Sen Hu, Bailing 
Wang and Chenchang Zhu for helpful discussions and comments. We also give our special thanks 
to referees for many helpful suggestions. 
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2 Crossed modules of Leibniz algebras and sh Leibniz alge- 
bras 

A Leibniz algebra q is an i?-niodule, where i? is a commutative ring, endowed with a hnear map 
-Is : «>0 — > Q satisfying 

[51, [92,93]g]s = [[gi, 521b, 531b + [52, [5l,53lglfl, V 51,52,53 G 0. 

This is in fact a left Leibniz algebra. In this paper, we only consider left Leibniz algebras. 
Recall that a representation of the Leibniz algebra (g, [•, -Ig) is an i?-module V equipped with, 
respectively, left and right actions of g on V, 

[■,■1 :0®1/— >y, [■,■]:¥ ^g^V, 

such that for any 51,52 G 0, the following equalities hold: 

^[ffl,92] ~ [^31,^921, ''[91:32] ~ [^gi,''92l, ^92 ° ^9l ~ ~''92 ° ''91 ' W 

where Ig-^u — [51, ul and rg-^u — [u,gi\ for any u € V. The Leibniz cohomology of q with coeffi- 
cients in V is the homology of the cochain complex C'^ig, V) = Hom/j(®''g, V), {k > 0) with the 
coboundary operator d : C''{g,V) — C''^^{g, V) defined by 

k 

ac'= (<?!,...,. g,+i) = ^(-l)''+iZ,,(c'=(<?i,...,g;,...,.9,+i)) + (-l)'=+V,,^,(c'=(gi,...,<?,)) 

i=l 

+ X! (~l)'c''(5i, • • ■ ,5*, ■ • • ,5j-i, [5i,5ilo,5j+i, • • • ,5fc+i)- (2) 

l<i<j<k+l 

The fact that 9 o 9 = is proved in [TB] . 

The notion of strongly homotopy (sh) Leibniz algebras, or Loc?oo-algebras was first given in [T]. 
See also [IH] for more details. 

Definition 2.1. [29] A sh Leibniz algebra is a graded vector space L = Lq® Li® ■ ■ ■ equipped with 
a system {lk\ 1 < fc < 00} of linear maps Ik '■ /\^L — > L with degree deg(?fe) = k — 2, where the 
exterior powers are interpreted in the graded sense and the following relation is satisfied: 

^(_l)(fc+i-j)(j-i) (_i)j(k.(i) + I) Y Sgn(cr)Ksgn(cr) 

i+j— Const k>j cr a 

h{Xa-{l) , ■ ■ ■ : X„(^];_j-~^ , lj{x„(^]^^i_j^ , ■ • ■ , ^^(fc+l) , ■ • • , X„(^i^j_i-^ ) = 0, 

where the summation is taken over all {k — j,j — l)-unshuffies and "Ksgn(cr) " is the Koszul sign 
for a permutation a ^ Sk, i-e. 

xi Ax2 A ■ ■ ■ Axk = Ksgn(cr)x^(i) A a;^(2) A • • • A x^/^k) ■ 

In particular, if we concentrate on the 2-term case, we can give explicit formulas for 2-term sh 
Leibniz algebras as follows: 

Definition 2.2. A 2-term sh Leibniz algebra V consists of the following data: 
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• a complex of vector spaces V : Vi — > Vq, 

• bilinear maps I2 '■ Vi x Vj — > Vi+j , where i + j < 1, 

• a trilinear map ^3 : Vq x Vo x Vo — > Vi, 

such that for any w,x,y, z E Vq and to, rt G Vi, the following equalities are satisfied: 

(a) dZ2(a;, to) = l2{x,dm), 

(b) dl2{'m,x) = l2{d'm,x), 

(c) l2{dm,n) — l2{m,dn), 

(d) dl3{x,y,z) = hix.hiy.z)) - hihix.y), z) - l2{y,l2{x,z)), 
(ei) h(x,y,dm) = ^2(2;, ^2(2/, w)) - h{h{x,y),m) - hiyjhix^m)), 

(62) hix, dm, y) = l2{x, him, y)) - hihix, to), y) - him, hix, y)), 

(63) Z3(dTO, X, y) = him, hix, y)) - hihim, x), y) - hix, him, y)), 
(f) the Jacobiator identity: 

l2iw,hix,y,z)) -hix,hiw,y,z)) + hiy,hiw,x, z)) + l2ihiw,x,y), z) 
-kihiw, x),y, z) - hix, hiw, y),z) - hix, y, hiw, z)) 
+hiw,hix,y), z) + hiw,y,l2ix, z)) - hiw,x,l2iy, z)) = 0. 

We usually denote a 2-terni sh Leibniz algebra by iVi Vb, h^ h), or simply by V. 

If ^3 = 0, we obtain the notion of 2-term differential graded (dg) Leibniz algebra. If the 

bilinear maps h and the trilinear map ^3 are skew-symmetric, then it is a 2-term Loo-algebra. 

Lemma 2.3. For a 2-term dg Leibniz algebra (Vi — ^ VQ,l2,h), we have 

hihix,m),y) + hihim, x),y) ^0, V x,y € Vo,m £ Vi. (3) 

Proof. By Condition (62) and (63) in Definition 12.21 we have 

hihix,m),y) + hihim, x),y) = hix, him, y)) - him, hix, y)) 

+him, hix, y)) - hix, him, y)) 
= 0. ■ 

The notion of crossed module of Leibniz algebras was introduced by Loday and Pirashvili in 
[15] . The more general notion of crossed module of n-Leibniz algebras, which are generalizations 
of n-Lie algebras, was given by Casas, Khmaladze and Ladra in [7]. 
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Definition 2.4. A crossed module of Leibniz algebras is a morphism of Leibniz algebras /i : q — > f) 
together with a representation of f) (consists of a left action and a right action satisfying the 
compatibility condition ^) on q such that for any g,g' G 9, h G t), the following equalities hold: 

H{lhg) = [h,fi{g)]t,, n{rhg) ^ [fi{g),h]t^; (4) 

= [s^s'Ib = Ms')^; (5) 

k[9,9']B = [k9,9']s + [9,lhg']s; (6) 

i'h[9,9']s = [9,rh9']s-[9',rhg]; (7) 

[lh9 + rh9,9']B 0- (8) 



Remark 2.5. Loday and Pirashvili defined a crossed module of Leibniz algebras to be a morphism 
of Leibniz algebras ii : g — > f) together with an action of I) on q satisfying ^ and ([5]) in USf . 
However, to define an action of Leibniz algebra t) on Leibniz algebra g, one needs six relations, 
which is exactly ([1]), ([7]), and 

Theorem 2.6. There is a one-to-one correspondence between 2-term dg Leibniz algebras and 
crossed modules of Leibniz algebras. 

Proof. Let Vi Vq be a 2-terni dg Leibniz algebra, define q = Vi, 1} = Vq, and the following 
two bracket operations on q and (): 

[to, n]g = l2{dm,n) ^ l2{m,dn), VTO,nGVi; 
[u,v]i, = hiu^v), Vu,weVb. 

It is straightforward to see that both [■, and [•, •][, are Leibniz brackets. Let /i = d, by Condition 
(a) in Definition 12.21 we have 

/i[TO, n]g = d/2(dTO,7i) = ;2(dm,dn) = [^(m), ^(n)]f, , 

which implies that ^ is a morphism of Leibniz algebras. Define the representation of f) on g by I2, 
i.e. 

lum = l2{u, m), r„TO = him, u), V m G f), m G 0. 
It is well defined. In fact, by Condition (ei), we have 

By ((21), we have 

^v'^u ~t~ r^jly^ — 0. 

Now by Condition (ea), we have 

which implies that ([T]) holds. 

By Conditions (a)-(c), we have ^ and By Condition (ei) and (a), we have 

lu[m,n]g = l2{u,l2{dm,n)) 

= l2{h{u,dm),n) + l2{dm,l2{u,n)) 

= l2{dl2{u,m),n) + l2{dm,l2{u,n)) 

= [;„m, n]g + [to, Z„n]g, 
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which yields By Condition (62), we have 

r„[m, n]g = Z2(^2(dm, n), u) 

= l2{dm,l2{n,u)) ~ l2{n,l2{dm,u)) 
= [m,run]g ~ [n,rum]g, 

which imphes that ([7]) holds. By ([3]), we have 

[rum + lum,n]g = l2{l2{u,m) + l2im,u),dn) = 0. 

Thus we get Therefore, we obtain a crossed module of Leibniz algebras. 

Conversely, a crossed module of Leibniz algebras gives rise to a 2-term dg Leibniz algebra with 
d = fi, Vi = Q and Vq = t), where the brackets are given by: 

The crossed module conditions give various conditions for 2-term dg Leibniz algebras. We omit 
details. ■ 

Definition 2.7. A 2-term sh Leibniz algebra (Vi ^0,^2,^3) is called skeletal ifd~0. 

Skeletal 2-term sh Leibniz algebras can be classified by the third cohomology of Leibniz algebras. 

Proposition 2.8. There is a one-to-one correspondence between skeletal 2-term sh Leibniz algebras 

(Vi Vb, h, h) o,nd quadruples (g, V, p, cj)), where g is a Leibniz algebra, V is a vector space, p is 
a representation of q on V, (j) is 3-cocycle on g with coefficients in V. 

Proof. For a skeletal 2-term sh Leibniz algebra (Vi Vb,^2,^3), by Condition (d) in Definition 
I2.2L Vb is a Leibniz algebra. By Condition (ei), (63) in Definition 12 . 21 and Q in Lemma we get 
that I2 '■ Vi X Vj — y Vi{i -\- j — 1) gives rise to a representation of Leibniz algebra Vq on Vi. Now 
Condition (/) means that dl3{w,x,y, z) = by Formula 

The converse part is also straightforward, this completes the proof. ■ 

Definition 2.9. Let V and V' be 2-term sh Leibniz algebras, a morphism f from V to V" consists 
of 

• linear maps fo : Vq — > Vq and fi : Vi — V{ commuting with the differential, i.e. 

/o o d = d' o /i; 

• a bilinear map /2 : Vb x Vq — > V(, 

such that for all x,y, z Cz Lq, m € Li, we have 

l'2ifo{x),fo{y))-fol2{x,y) = d'f2{x,y), 
i'2{fo(x),fi{m))-fil2{x,m) = f2{x,dm), (9) 
l'2{h{in),fo{x)) - fil2{m,x) = /2(dm,a;), 

and 

f,{h{x, y, z)) + l'2{fo{x),f2{y, z)) ~ UMv), f2ix, z)) - /^(/2(x, y), fo{z)) 

-f2{l2{x, y), z) -f /2(x, hiy, z)) - f2{y, hix, z)) - Ufoix), foiy), fo{z)) = 0. (10) 
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In particular, if V and V' are 2-term Loo-algebras and /2 is skew-symmetric, we recover the 
definition of morphisms between 2-term Loo-algebras. 

If (/o, /i) is an isomorphism of underlying complexes, we say that (/o, /i, /2) is an isomorphism. 
It is obvious that 2-term sh Leibniz algebras and morphisms between them form a category. 

3 Leibniz 2-algebras 

Leibniz 2-algebras are the categorification of Leibniz algebras. Vector spaces can be categorified 
to 2- vector spaces. A good introduction for this subject is [5]. Let Vect be the category of vector 
spaces. 

Definition 3.1. ^ A 2-vector space is a category in the category Vect. 

Thus a 2-vector space C is a category with a vector space of objects Cq and a vector space of 
morphisms C'l, such that all the structure maps are linear. Let s,t : C'l — Co be the source and 
target maps respectively. Let v be the composition of morphisms. 

It is well known that the 2-category of 2-vector spaces is equivalent to the 2-category of 2-term 
complexes of vector spaces. Roughly speaking, given a 2-vector space C, Ker(s) — ^ Cq is a 2-term 
complex. Conversely, any 2-term complex of vector spaces V : Vi Vq gives rise to a 2-vector 
space of which the set of objects is Vb, the set of morphisms is Vb © 14, the source map s is given 
by s{v + m) = V, and the target map t is given by t{v + m) = v + dm, where v S Vb, m G Vi. We 

denote the 2-vector space associated to the 2-term complex of vector spaces V : Vi Vb by V: 



In this paper, we always assume that a 2-vector space is of the above form. 

Definition 3.2. A Leibniz 2-algebra is a 2-vector space V endowed with a bilinear functor (bracket) 
|-, •] : V X V — > V and a natural isomorphism Jx,y.z for every x,y, z 6 Vo, 



Vi Vb ® Vi 




(11) 



Vo := Vo. 




(12) 



such that the following Jacobiator identity is satisfied: 
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or, in terms of a diagram, 





P- 



where P and Q are given by 

P = lw,llx,yj,zM-llx,yj,lw,zM-lxllw,yj,zM + llw,yj,lx,zM, 

Q = lw,ix,iy,zjM-lx,lwAy,m-lyAwA^,m + lyA^Aw,zjM. 

In particular, if the Jacobiator is trivial, we call a strict Leibniz 2-algebra; if the bilinear 
functor |-, 'I and the trilinear natural isomorphism J are skew-symmetric, we recover the notion 
of semistrict Lie 2-algebras [3]. 

Definition 3.3. Let V and V be two Leibniz 2-algebras, a morphism from V to V consists of 

• a linear functor F from the underlying 2-vector space o/V to that ofY', 

• a skewsymmetric natural transformation 

F2{x,y) : Foihix^y)) ^ UFo{x),Fo{y)), 

such that 

{FiJ,,y^.){F2{x,ly,zi)-F2{y, [a;, z]))([Fo(x), i^2(2/, z)] - fFoiy), F^ix, z)j) 

= F2iix,yj , z){lF2{x,y), Fo{z)j)iJFo{x),Foiy),Fo{z)), 

or in terms of diagram. 



Jblb,yl,z] 



Foilx, ly,zll~ly,lx,zi 



[Fo[x,yl,Fo(z)l 



lF2ix,y),Fo{z)} 



F2(x.iy,z})-F2(y.lx.z}) 



lFo{x),Foly,zli-lFo{y),Folx, 



lFa(x),F2iv,z)}-lF„{y),F2{x,z)l 



llFo{x),Fo{y)i,Fo{z)i 



-'Fo(x),Fo(y).Fo(; 



iFoix), iFoiy), Fo(z)ll - [Fo(y), {Foix), F,{z 
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It is obvious that Leibniz algebras and morphisms between them form a category. In the case 
of semistrict Lie 2-algebras, it is well known that the category of semistrict Lie 2-algebras and the 
category of 2-term Loo-algebras are equivalent [31 Theorem 4.3.6]. Similarly, we have 

Theorem 3.4. The category of Leibniz 2-algebras and the category of 2-term sh Leibniz algebras 
are equivalent. 

Proof. We only give a sketch on how to construct a Leibniz 2-algebra from a 2-term sh Leibniz 
algebra and how to construct a 2-term sh Leibniz algebra from a Leibniz 2-algebra. The other 
proof is similar to Theorem 4.3.6 in [3]. We omit details. 

Let (Vi — ^ Vo,l2,h) be a 2-term sh Leibniz algebra, we introduce a bilinear functor |-, •]] on 
the 2-vector space V given by ([TTjl by 

{x + m,y + nj = l2{x, y) + l2{x, n) + hijn, y) + him, dn). 

It is straightforward to see that it does not satisfy the Leibniz rule and the Jacobiator is given by 

Jx.,y,z = llx, yh4+ kix, y, z). 

By Condition (f), it is not hard to see that is satisfied. Thus from a 2-term sh Leibniz algebra, 
we can obtain a Leibniz 2-algebra. 

Conversely, given a Leibniz 2-algebra V, we define I2 and /a on the 2-term complex V\ — Vq 

by 

• h{x,y) = [x,?/]] , 'i x,y e Vb- 

• hix, m) = \x, to] , him, x) = |m, x\ , M x ^Vq, m ^ Vi. 

• l2{m,n) — 0, VTO,nGVi. 

• hix, y, z) — PriJx.y^z, V x, y, z £ Vb, where Pri : Vi = Vb © ^1 — ^ Vi is the projection. 
Then one can verify that [Vi Vb, h, h) is a 2-term dg Leibniz algebra. ■ 

4 Omni-Lie 2-algebras 

From now on, when we say a Leibniz 2-algebra, we mean a 2-term sh Leibniz algebra. In this 
section, we provide an example of Leibniz 2-algebras which comes from omni-Lie 2-algebras j26j . 
which is the categorification of Weinstein's omni-Lie algebras. 

Let V : Vi Vb be a complex of vector spaces. Define End°(V) by 

EndJl(V) ^ {(.4o, Ai) e 0[(Vb) ® qKVM o d = d o Ai}, 

and define End^V) = End(Fo,T4). There is a differential S : End^V) — > End[|(V) given by 

(5(0) ^ 0od + do0, V0eEnd\V), 

and a bracket operation [•, •] given by the graded commutator. More precisely, for any A — 
iAo,Ai),B ^ {Bo,Bi) e End2(V) and e End^V), [•, •] is given by 

[A,B] ^ Ao B - B o A^ {Aqo Bo - Bqo Ao,Aio Bi - Bio Ai), 
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and 

[A, (/)] ^Ao(j3-(j)oA = Aio(j3-(j)oAo. (14) 

These two operations make End^(V) A- End^(V) into a 2-term DGLA (proved in which we 

denote by End(V). It plays the same role as gl{V) for a vector space V. 

Let f = (/o, /i, f-z) be an automorphism of the 2-tcrm DGLA End(V). On the complex 
End(V) e V = End^(V) © ^ End2(V) ® Vq, 

define bilinear map I2 by 

ll{A + u,B + v) = [A,B] + fo{A){v), in degree-0, 
ll{A + u,(f) + m) = [A,(j)] + fo{A){m), in degree- 1, (15) 
ll{(t) + m,A + u) = [(j),A]+fi{(t)){u), in degree- 1, 

and define trilinear map ^ by 

4(A + u,B + v,C + w) = f2{A, B){w). 

Proposition 4.1. Let f — (/o, /i, /2) be an automorphism o/End(V), then (End(V) © V, 4i 4) 
a Leibniz 2-algebra. 

Proof. We check that all the conditions in Definition 12.21 are satisfied. By the fact that (5[A, (^] = 
[A, (5((/i)] and fo{A) commutes with d, we have 

ll{A + u,{d + d){4> + m)) = ll{A + u,S{(p) +dm) 

= [A,S{cf,)]+fo{A){dm) 

= <5[A,0]+d/o(A)(m) 

= {5 + d)ll{A + u,(p + m), 

which implies that (a) holds. Similarly, (6) follows from equalities [(5((?!)), A] — S[(j),A] and faoS = 
5 o fi. By the definition of (5, it is not hard to see that 

[5{<f),i^] = [0,<5(^)], mmin) = 5{h{mn) = /i(0)(dn). 
Thus we obtain (c): 

[{5 + d){(j) + m),ij + n] = [(j) + m,{5 + d){ilj + n)]. 

It is straightforward to deduce that 

l{{A + u, l[{B + v,C + w))- l{{l{{A + u,B + v),C + w) - l{{B + v, ll{A + u,C + w)) 
= [fo{A),fo{B)]{w)-fo{[A,B]){w) 
= do f2{A,B){w). 

Thus we arrive at (d). (ei) follows from 

ll{A + u, l[{B + v,(j) + m)) - l[{l[{A + u,B + v),(j) + m) ~ l[{B + v, 4(^ + u,(j) + m)) 
= [/o(A),/o(i3)](m)-/o([Ai?])(m) 
= h{A,B){dm) 

= l[{A + u,B + v,{5 + d){(j} + m)). 
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Similarly, (62) follows from the fact that 

[fo{A),hicp)]-h[A,cP] = f2iA,Sm, 
and (es) follows from the fact that 

[/i(0),/o(A)]-/i[0,A] = /2((5(0),^). 

Now we are left to show that satisfies the Jacobiator identity. This essentially follows from the 
fact that f is an automorphism of End(V). More precisely, 

ll{D + X, ll{A + u,B + v,C + w)) - ll{A + u, ll{D + x, B + v,C + w)) 
+ll{B + V, l[{D + x,A + u,C + w)) + ll{ll{D + x,A + u,B + v),C + w) 
-llUliD + x,A + u),B + v,C + w) - ll{A + u, l[{D + x,B + v),C + w) 
-ll{A + u,B + V, ll{D + x,C + wj) + ll{D + X, ll{A + u, B + v),C + w) 
+ll{D + x,B + v, ll{A + u,C + wj) - ll{D + x,A + u, ll{B + v,C + w)) 
= fo{D)h{A,B){w) - fo{A)f2{D,B){w) + fo{B)h{D,A){w) 
-f2{[D, AlB){w) - h{A, [D, B]){w) - h{A, B)h{D){w) 
+h{D, [A, B]){w) + h{D, B)fo{A){w) - h{D, A)MB){w) 

= ([h{D),h{A, B)] - [fo{A),MD, B)] + [fo{B),MD, A)] 

-f2{[D, A],B) + M[D, B],A) - MIA, B],D)) {w) 
= 0. 

The last equality follows from the fact that f is an automorphism of End(V). This finishes the 
proof of (End(V) © V, 4, 4) being a Leibniz 2-algebra. ■ 

5 Twisted Courant algebroids 

Hansen and Strobl introduced twisted Courant algebroids by closed 4-forms in [T3], which arise 
naturally from the study of three dimensional sigma models with Wess-Zumino term. 

Definition 5.1. [13 A twisted Courant algebroid by a closed A-form H is a vector bundle E — !> M , 
together with a fiber metric (•, •) (so we can identify E with E* ), a bundle map p : E — > TM 
(called the anchor), a bilinear bracket operation (Dorfman bracket) {■, ■} on T{E), and a closed 
A-form H such that for any ei, 62, 63 G ^{E), we have 

{e,e} = ip*d(e,e); (16) 
P(ei)(e2,e3) = ({d, 62}, 63) + (e2, {ei, 63}} ; (17) 

P*(V(ei)Ap(e2)Ap(e3)-ff) = {gi , {e2 , 63} } - { {ci , 62 } , 63} - {63 , {ci , 63} } , (18) 

where d is the usual de Rham differential operator and p* : T* M — > E* is the dual map of p. 

We will denote a twisted Courant algebroid by {E, {■,■),{■,■}, p, H), which is exactly the 
Courant algebroid ([H HI]) if = 0. 
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Remark 5.2. In JF] and JUl, the authors defined the first Pontryagin class for a quadratic Lie 
algebroid as an obstruction of the extension to a Courant algebroid. In fact, it is not difficult to see 
that the closed A-form H given above is just the first Pontryagin class of the corresponding ample 
Lie algebroid of a regular twisted Courant algebroid. 

Roytenberg proved that every Courant algebroid gives rise to a 2-terni Loo-algebra in [21" . Now 
every twisted Courant algebroid by a closed 4-form gives rise to a Leibniz 2-algebra. 

Theorem 5.3. Every twisted Courant algebroid by a closed A-form {E, (•, •) , {•, •}, p, H) gives rise 
to a Leibniz 2-algebra, whose degree-1 part is ^^{M), degree-0 part is T{E), differential is p* : 
n^{M) — > r(ii'), the bilinear bracket operation I2 is given by 

'2(61, 62) = {61,62}, V 61,62 e r(L;), 

l2{e,0 = ip(e)e, y eer{E), Un\M), (19) 
l2{^,e) = -ip(e)dt 

and the trilinear map l^ is given by 

(ei, 62, 63) = «p(ei)Ap(e2)Ap(e3)-H"- (20) 

To prove this theorem, we need the following two lemmas. 

Lemma 5.4. Let (E, (•, •) , {•, •}, p, H) be a twisted Courant algebroid by a closed A-form H , then 
for any f S C°°(M), we have 

{ei,/62} = /{6i,e2} + p(ei)(/)62; (21) 

{/62,6l} - /{62,ei}-p(ei)(/)62 + (6i,62)p*d/; (22) 
Jei,e2jes = / Je^ ,e2 ,63 + ( [p(ei ) , p(62 )] - p{6i , 62 }) (/)63 . (23) 

Proof. By p7)) . we have 

P(6l) (/62,63) = ({6l,/62},63) + (/e2,{6i,e3}) . 

On the other hand, we have 

P(6l) (/62,63) = p(6i)(/(62,63)) 

= P(ei)(/) (62,63) +/p(6i) (62,63) 

= (p(ei)(/)62, 63) + (/{61, 62}, 63) + (/e2, {ei, 63}) . 

Thus we have 

(p(6i)(/)62, 63) + (/{ei, 62}, 63) = ({61, /e2}, 63) . 
Since the fiber metric is nondegenerate, we have 

{ei, /62} = /{61, 62} + p(6i)(/)62. 

By (jl6p . first we have 

{62, 61} + {ei, 62} = p*d (61, 62) . 



12 



Therefore, we have 

{/e2, ei} + {ei, /e2} = p*d (ei, /e2) = fp*d (ei, 62} + (ei, 62} p*df, 

which impHes that 

{/e2,ei} = -{ei, /e2} + /({e2,ei} + {61,62}) + (61,62) 
= /{e2,ei} - p(ei)(/)e2 + (ei,62)p*rf/. 

By ((ni), we have 

Jei.,e2je3 = {ei , {62 , /63} } - { {61 , 62 } , /ea} - {62 , {61 , /ea }} 

= {ei, /{62, 63} + p(e2)(/)63} - /{{ei, 62}, 63} - p{6i, e2}(/)e3 

-{62, /{ei, 63} + /?(6i)(/)63} 
= /{ei, {62, 63}} + p(6i)(/){62, 63} + P(e2)(/){6i, 63} + p(ei)p(62)(/)63 

-/{e2, {ei, 63}} - p(62)(/){6i, 63} - p(6i)(/){e2, 63} - p(e2)p(6i)(/)63 

-/{{ei, 62}, 63} - p{6i, 62}(/)63 
= fJeue2,e3 + ( [p(ei ) , p(62 )] - p{ei , 62 }) (/)63 . 

The proof is completed. ■ 

Lemma 5.5. Let [E, (•,•) ,{-,-},p, iJ) he a twisted Courant algehroid by a closed A-form H, then 
we have 

P{ei,e2} = [p(ei),p(62)], (24) 

pop* ^ 0, (25) 

{P*(e),e} - P*i~^p(e)dO, (26) 

{e,P*im - P*iLpie)0- (27) 

Proof. By (fTS|) . we have Jei,e2je3 — fJei,e2,e3- Now is a consequence of ([2^ . 
By ((21]), we have 

p{/e2,ei} = [/p(62),p(6i)] 

= /[p(62),p(6i)]-p(6i)(/)p(62). 

By ([H]), we have 

p{/e2,ei} = /[p(62),p(6i)] - p(ei)(/)p(62) + (61,62) pop* df. 

Thus we have (61, 62) p o p*df = 0, which impUes (f^ . 
It is not hard to deduce that 

{p*{df),e}^0, {e,p*{df)}^p*idp{e){f)). 

Thus for any g G C°°(M), we have 

{p*ifdg),e} = {/P*(d5),e} 

= f{p*idg),e}-pie){f)p*{dg) + {p* (dg) , e) p* (df) 

= -P{e){f)p*{dg)+p{e){g)p*{df) 

= P*{-ip(e)df hdg) 

= P*{-ip(e)d{fdg)), 

13 



and 

{e,p*(/dg)} = {ejp*{dg)} 

= f{e,p*{dg)} + p{e)if)p*idg) 

= fp*{dp{e){g)) + p{e){f)p*{d9) 

= P*{Lpi^^)fdg), 

which impHes that for any ^ e 57^ (Af), we have 

{p*(0,e} = p*(-ve)rf(e)), 

and 

{e,P*(0} = P*(ip(e)0-" 

The proof of Theorem I5.3t We need to show that all the axioms in Definition l2.2l hold. By 
and (|?7|) . it is not hard to see that (a) and (b) hold, (c) follows from the fact that 

h{p*{0.v) = l2{£..P*{Ti)) = Q. 

By the definition of twisted Courant algebroids and (d) is obvious. By the definition of 1^^ and 
([231). have 

l^{p*{i),eue2) = l^{ei,p*{0, ^2) = {e^,e2, p* {0) = 0. 
On the other hand, we have 

^2(61,^2(62,0) - ^2(^2(61, 62), - ^2(62,^2(61,0) 

= [■^p(ei), ■^p(e2)]C - ■C'[p(ei),p(e2)]C 

= 0, 

which implies that (ei) holds. Similarly, it is straightforward to see that (e2) and (es) follow from 
the formula 

«[p(ei).p(e2)]C^C = Lp(ei)ip{e2)d^ - i p(e2)L p{et)d^- 

At last, we need to show that the Jacobiator identity holds. Note that li^ is skew-symmetric, the 
Jacobiator identity is equivalent to that 

'2(61, (62, 63, 64)) - ^2(62, ?f (61, 63, 64)) + ^2(63, (61, 62, 64)) + ^2(^f (61, 62, 63), 64) 

+ Y^{-^T^^^"{H(^^l ej), ei, . . . , e;, . . . , e}-, . . . , 64) = 0. 

Let the left hand side act on an arbitrary vector field X G X(M), we get 

p(ei)iJ(p(e2),p(63),p(e4),X) - iJ(p(e2), ^(63), ^(64), [p(6i),X]) 
-p(e2)i?(p(6i), p(e3), p(e4), X) + i/(/?(ei), ^(63), ^(64), [^(62), X]) 
+p{e3)H{p{ei),p{e2),p{e4), X) - H {p{ei) , p{e2) , p{e4) , [^(63), X]) 

-d(i/(p(ei),p(e2),p(63))(p(64),X) 

+ ^{-iy+^ H{[p{e.,), p{e-i)], p{ei), . . . , e^, . . . , e^-, . . .,p{e4),X), 

i<3 
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which is exactly 

dH{p{ei), p{e2),p{e3),p{e4),X). 
Since H is closed 4-form, thus dH = 0. Therefore, satisfies the Jacobiator identity. This finishes 
the proof of (^^(Af) r(i;), ^2, ) being a Leibniz 2-algebra. ■ 

A twisted Courant algebroid by a closed 4-form H {E, (■, ■) , {■, ■}, p, H) is said to be exact if 
we have the following exact sequence 

^ T*M — ^ E ^ TM 0. (28) 

By choosing an isotropic splitting s : TM — > E, as vector bundles, we have 

E^T = TM © T*M. 

We can transfer the twisted Courant algebroid structure to TM (BT*M. For any X + + rj G 
X(M) ©r2(M), we have 

piX + 0^pis{X)+p*iO)=X, (29) 
(X + e, r + r,> = (,s(X) + p*iO,-s{Y) + p*m = ^Y) + viX), (30) 

and 

{X + tY + rj} = {siX)+p*iO,siY)+p*irj)} 

= {siX),siY)} + {siX),p*irj)} + {p*iO,4Y)}. 

By dMl and we have 

p{s{X),p*{r,)}^0, 

which implies that {s(X), p*(r/)} G n'^{M). For any Z £ X(M), by (H?]), we have 

{siX),p*ir^)}iZ) = {{siX),p*irj)},siZ)) 

= X{p*{rj),s{Z))-{p*{r,),{s{X),s{Z)}) 

= X{7J,Z)-Tj{[X,Z]) 

= Lxl{Z), 



which implies that 



{X,r;} = Lx^. (31) 



Similarly, we have 

{p*{i),s{Y)}{Z) = {{p*{i)^s{Y)],s{Z)) 

= (-{,s(y), p*{i)} + p*d {p*{0, '<Y)) , s{Z)) 
= -LYi{Z) + d{^{Y)){Z) 
= -iiydOiZ), 

which implies that 

U,F} = -jFde. (32) 
By (gU, we can assume that {s{X),s{Y)} - s[X,Y] = h{X,Y) for some h : X(M) x X{M) — > 
n^{M). Thus we have 

{X,Y} = [X,Y]+hiX,Y). (33) 
It is not hard to deduce that h G il^{M). To summarize, we have 
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Theorem 5.6. For any exact twisted Courant algebroid by a closed A-form H {E, (•, ■) , {■, ■}, p, H), 
as a vector bundle, we have E = T = TM Q)T* M . Transfer the twisted Courant algebroid structure 
to TM ®T* M , the anchor p and the fiber metric (•, •) are given by and ([50)1 respectively. The 
bracket {•, •} is given by 

{X + i.Y + r,} = [X, Y] + Lxri - lyd^ + h{X, F), (34) 

for some 3-form h £ il'^{M). We will denote this bracket operation by {•, 

Consequently, any exact twisted Courant algebroid by a closed A-form H {E, (•, •) , {•, •}, p, H) is 
isomorphic to the twisted Courant algebroid {TM®T*M, (•, •) , {•, - j/i, p, dh), i.e. the closed A-form 
in an exact twisted Courant algebroid must be exact. 

It is well known that if we change different splittings, the 3-forni changed by an exact one. For 
any B £ VL^{M), define e^ -.T — ^ T by 

e^{x + e,)^x + e, + ixB, vx + eer(r). 

It is straightforward to deduce that 

e^{X + + T^}u+dB = {e^'iX + 0, + t?)}^. (35) 

Thus we have 

Proposition 5.7. Let (E, (■, •) , {•, •}, p, H) be an exact twisted Courant algebroid. If we choose dif- 
ferent splitting, we obtain two isomorphic exact twisted Courant algebroid (T, (•, •) , {•, - j/i+rfB, p, dh) 
and (7~, (■,■),{■, -j/i, p, c?/i). The isomorphism is given by e^ . In particular, if dB — 0, e^ is an 
automorphism of the exact twisted Courant algebroid {T, (•, ■) , {•, - j/i, p, dh). 

For exact twisted Courant algebroids, since p : T — > TM is the projection, p* : T*M — > T 
is the inclusion map. Thus by Theorem 15.31 we obtain the following Leibniz 2-algebra. 

Corollary 5.8. Any exact twisted Courant algebroid (T, (•, •) , {•, - j/i, p, dh) gives rise to a Leibniz 
2-algebra, whose degree-1 part is n^{M), degree-0 part is r(7~), differential is the inclusion i : 
f2^(M) — > r(T), the bilinear bracket operation I2 is given by 

( l!i{X + C,Y + fj) = {X + ^,Y + 7^}h, 

I l!^{X-^^,rj) = {X + ^,7^}r,^LxV, (36) 

[ lUv,X + = {v,X + ^}h = ~ixdv, 

and the trilinear map if^ is given by 

C{X + C,Y-hv,Z + j)^ix^Y^zdh. (37) 

If we choose a different splitting for the exact twisted Courant algebroid by a closed 4-form H 
{E, {■,■),{■,■}, p, H), we obtain an exact twisted Courant algebroid {T, {■,■),{■, ■}h+dB, dh) for 

some B e n^{M). By CoroUarvOl we obtain the Leibniz 2-algebra {n\M) r{T), l^^''^ , if'). 
By ([55]) . we have 

Corollary 5.9. (/q = e^, /i = Id, /2 = 0) is an isomorphism from the Leibniz 2-algebra 
{9}{M) T{T),l2^''^jf) to the Leibniz 2-algebra {n^{M) V{T),ll^,lf). 
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In particular, if dB = 0, (/o = , fi = Id, /2 = 0) is an automorphism of the Leibniz 
2-algebra (ri^(M) — h> r(T), ^2 ; ^s'*)- There is a more interesting phenomenon that the Leibniz 
2-algebra (ri^(M) r(7~), ^2 j ^3'') has more automorphisms. 

Theorem 5.10. For any B G r2^(Af), (/o = e^, /i = Id, /2) js an automorphism of the Leibniz 
2-algebra {n^{M) T{T),l'^,lf'), where J2 is given by 

f2{X + ^,Y + 7^)^ixAYdB. 

Proof. First it is obvious that 

/o o i = i o /i. 
By straightforward computations, we have 

e^{X + ^,y + r?},, = e''{[X,Y]+LxV-^Yd^ + h{X,Y)) 

= [X,Y]+LxV-iYd^ + h{X,Y)+i[x.Y]B, 

and 

{e^(X + e),e^(r + 7/)},, = {X + C + txB,Y + 7^ + tYB}h 

= [X, Y] + Lxv + LxiYB - iyd^ - iydixB + h{X, Y). 

Thus we have 

{e^(X + 0,e^(r + r7)}ft -e^{^ + e,i" + ^}h = LxiyB - tydtxB - tix,Y]B 

— LxiyB — iydixB — LxiyB + iyLxB 
= ix/\ydB. 

This shows that in Definition 12.91 holds. At last, we show that pup in Definition 1 2 . 91 also holds. 
In fact, for any X + S^.Y + rj, Z + ^ ^ r(T), first we have 

li\X + r + r;, Z + 7) = ifie'^iX + e),e^(r + r7),e^(Z + 7)). 

Thus the left hand side of (fTU|) is equal to 

{e^(X + 0, h{Y + V,Z + 7)}/. - {e^(r + r,), J.^X + ^, Z + 7)}^ 
-{f2{X + ^,Y + ry), e^(Z + 7)}/. - .f2{{X + ^,Y + r?};,, Z + 7) 
+/2(X + C, {r + r;, Z + 7};,) - h{Y + i^,{X + i,Z + 7}„), 

which is equal to 

LxivAzdB - Lyix/\ZdB + izdix/\ydB - i[x,y]AzdB + ixA[Y.z]dB - iyr^[x,z]dB. 
Acting on arbitrary W G X{M), we get 

d{dB){X,Y,Z, W), 

which is zero since = 0. Thus lini) in Definition [TH holds. Therefore, (/o = e^, /i = Id, /2), 
where /2 is given by 

/2(X + e,y + ?7) -ixAydS, 

is a morphism of the Leibniz 2-algebra {9}{M) r(r), Zj, if''). It is an automorphism of Leibniz 
2-algebras follows from the fact that (/o — , fi — Id) is an automorphism of the underlying 
complex. ■ 
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6 Dirac structures of twisted Courant algebroids 

Dirac structures of a twisted Courant algebroid by a closed 4-form can be defined as usual. 

Definition 6.1. A Dirac structure of the twisted Courant algebroid {E, (•, •) , {•, •}, p, H) is a max- 
imal isotropic subbundle L such that the section space T{L) is closed under the bracket operation 

{;■}■ 

By ([T5|) . the restriction of the bracket operation {•, •} on V{L) is skew-symmetric. In general, 
for Courant algebroids, the restriction of {•, •} on a Dirac structure is a Lie bracket. Denote the 
set {p*y^V{L) by ^\{M). Now we have 

Theorem 6.2. Let L be a Dirac structure of the twisted Courant algebroid by a closed A-form H 
{E,{;-),{;-},p,H). Then 

{nl{M)^T{L),h,l^) 

is a 2-term Lao-algebra (Lie 2-algebra), in which the degree-! part is Q.\{M) = {p*)^^V[L), the 
degree-0 part is r(L), I2 and l^ are given by (jl9p and (|2Up respectively. 

Proof. First it is not hard to see that (fl\{M) r{L),l2,l^) is a Leibniz 2-sub-algebra of 

(n^(M) r(T), ^2, ^3^)- In fact, for any 61,62 G r(L), by the definition of Dirac structures, we 
have Z2(ei,62) G r(L). It is also obvious that for any e S T{L) and ^ G (M), we have 

P*h{e,0 = h{e,p*{0) e r(L), p*h{i,e) = hip^O,^) £ r(i), 

which implies that 

Z2(6,0 er!i(M), h{i,e)&nliM). 
For any ei, 62, 63 6 r(L), on one hand, we have 

'^^(ei, 62, 63) = *p(ei)Ap(e2)Ap(e3)-ff- 

On the other hand, we have 

P*jp(ei)Ap(e2)Ap(e3)-ff = {ei: {^2, 63}} - {{61, 62}, 63} - {62, {61, 63}} 6 T{L). 

Thus /f (61,62,63) e nl{M). Therefore, (l^i(Af) A T{L),l2,l§) is a Leibniz 2-sub-algebra of 

{n\M)^nr)M.i§)- 

Since the Dirac structure L is maximal isotropic, I2 is skew-symmetric, l^ is also skew- 
symmetric. Thus {Vl\{M) T{L),l2,l^) is a 2-term Loo-algebra. ■ 

For a bi- vector field vr e X2(M), let 7r« : T*M — > TM be the induced bundle map given by 

Similar to the discussion in [25] , the graph of a bundle map tt" is a Dirac structure of the exact 
twisted Courant algebroid (T, (•, •) , {•, ■}h, P, dh) if and only if 

[7r,7r] = i A^TT^/i. (38) 
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Definition 6.3. A bi-vector field n € X^(M) is called an h-twisted Poisson structure if (j38p holds. 
(A/, tt) is called an h-twisted Poisson manifold if n is an h-twisted Poisson structure. 

For the case that the 3-form h is closed, i.e. dh — 0, it is discussed by Severa and Weinstein in 
pS] . See [Hmg for more details. 

One can introduce a bilinear skew-symmetric bracket operation on the cotangent bundle of an 
/i-twisted Poisson manifold (M, tt) by 

[C, v]^,h = L^t^f] - L^s,,^ + d7r(r/, £,) + (39) 

Then we have 

7r»K,^].,/. = k"C,^M, (40) 

where [-j-jTr,/! is given by (j39p . It is well known that if dh — 0, then [^,?y]7r./i is a Lie bracket, 
consequently, {T*M, [Cj ?7]7r,/i, ti''*) is a Lie algebroid. Instead of a Lie algebroid, for an /i-twistcd 
Poisson structure, we obtain 

Theorem 6.4. Associated to any h-twisted Poisson structure n, there is a 2-term Loo-algebra, of 
which the degree-0 part is ^l^{A■I), the degree-1 part is r(Ker(7r'')), the differential is the inclusion 
i : r(Ker(7r'')) — > D,^{AI), I2 and l^ are given by 

hi^^u) = [tu]^,h, VeGl}i(Af),«er(Ker(^«)), 
hitv,!) = KH/\^^r,/x^tidh, V f,?7,7 e rji(Af). 

Proof. It is obvious that I2 and 1^ are all skew-symmetric. For any £,,ri,'j G n-^{M), it is straight- 
forward to deduce that 

[V, l]n,h]^,h - [[L V]7tM, l]TT,h - [Vi tIttJiIttJi = i^t ^;^^»,^/^^»^dh. (41) 

Thus we have 

On the other hand, by ([3D]), we have 

= [tt'C, [7r*r/, 7r«7]] - [[J^, Jrj],Jj] - [Jri, [J^, n^-/]] 
= 0. 

Therefore, we have 

^3(C,?y,7) er(Ker(7r»)). (42) 

Now we only need to show that the Jacobiator identity holds. For any 9 G il^{M), by (I42|) . we 
have 

hio, ?3(e, V, 7)) + c.p.{e, C, ??, 7) - ihiiO, V, 7) + c.p.{0, V, 7)) 

dh -\- C.p.{9,^,7],j) - (j7r«[e,C]„,,.A7rtt,,ATr«7rf'i + c.p.{0 , rj, j)) 
= i7rtteVtt4A7r«r,A7r«7'^/l + C.p.(6',C,?/,7) " («[77tte,77tt{] A7r«r,A7r«7(^/l + CP- (6*, '7, 7) ) , 
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where c.p. means cyclic permutations. Act on an arbitrary vector field X G X(Af), we get 

(l2{0, h{^, V. 7)) + c.p.{0, V, 7) - {hi[0, ^]..h,V, 7) + c.p.iO, V, 7))) (X) 
= Je{dh{J^, n^rj, 7r«7, X)) - dh{J(, Jt], Jj, [J9, X]) + c.p.{e, C l) 

~{dh{[Je, ^H],^S, ttS, X) + c.p.{d, 1 7J, 7)) 
= T:^e{dh{J^, 7r«?7, 7r«7, X)) + c.p.{9, ^, V, l) 

~{dh{[Je, J^Itt^t^, 7r»7, X) + c.p.{9, ^, r,, 7, X)) 
= d{dh){J9, J^, Jt], Jj, X) - X{dh{Je, 7r«^, tt't], 7r*7)) 
= 0. 

The last equality follows from the fact = and 

dhi-K^e, tt"^, 7r*77, J-f) = i^,^dh{J9, J^, J-q) = -i^»dh{^»e,7r»i,^»r,)l' = 0- 

Therefore, Z3 satisfies the Jacobiator identity. This finishes the proof of (r(Ker(7r)) — H> fi^(M), I2, 13) 
being a 2-term Loo-algebra. ■ 

For an ft,- twisted Poisson structure tt, the graph of tt", which we denote by Q^^ C T, is a 
Dirac structure. The 2-term Loo-algebra constructed in Theorem 16.41 is isomorphic to the 2-term 
Loo-algebra constructed in Theorem 16.21 for the Dirac structure Q^^. More precisely, for the Dirac 
structure we have 

ip*r^g^ - i'^Gn = G.n T*M ^ Ker(7r). 
Define fo : r(^;^) — > n^{M) by 

and define /i : [p*)~^Q^ — Ker(7r) to be the identity map. It is obvious that /o o i = i o /i. 
Moreover, we have 

foilT^H + ^,tt'^V + V}h) = L^i^f] - L^^£, + dTr{r],£,) +i^^^^i^h 
Thus (/o, /i) is an isomorphism of 2-term Loo-algebras. 

Remark 6.5. The geometric structure underlying this 2-term Loo-algebra is actually the iJ-twisted 
Lie algebroids introduced by Melchior Griitzmann in [TD] . An iJ- twisted Lie algebroid is a quadru- 
ple {E, [■, ■],p,H) consists of a vector bundle E — 5- M, a bundle map p : E — > TM, a section 
H : A^T{E) — > r(Ker(p)), and a skew-symmetric bracket [•, •] : r(£;) A T{E) — > r{E) subject to 
the following axioms: 

[61,(62,63]] c.p. (61,62,63) = i7(ei,62,63), 

[ei,/62] = /[62,62] -hp(6i)(/)e2, 

DH = 0, 
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where G r(£;), / G C°°(M) and DH : A'^r{E) — > r(Ker(p)) is defined by 

4 

DH{ei,e2,e3,e4) = ^(-1)'+^ [e^, i7(ei, . . . , e^, . . . , 64)] 

4=1 

+ ^(-l)*+-'i?([e,,ej],ei . . . , e,, . . . , e^-, . . .,64). 

i<j 

It is straightforward to see that for any /i-twistcd Poisson structure tt, {T*M, [■, ■]Tr,h,'^\l3) is an 
Zs-twisted Lie algebroid. 
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